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Abstract
Our goal is to describe the collective motion of organisms in the presence of uctuations.
Therefore, we discuss biologically inspired, inherently non-equilibrium models consisting of
self-propelled particles. In our models the particles corresponding to organisms locally interact
with their neighbours according to simple rules depending on the particular situation considered.
Numerical simulations indicate the existence of new types of transitions. Depending on the control parameters both disordered and long-range ordered phases can be observed. In particular, we
demonstrate that (i) there is a transition from disordered to ordered motion at a nite noise level
even in one dimension and (ii) particles segregate into lanes or jam into a crystalline structure
in a model of pedestrians. c 1999 Elsevier Science B.V. All rights reserved.

1. Introduction
The collective motion of organisms (birds, for example), is a fascinating phenomenon
many times capturing our eyes when we observe our natural environment. In addition
to the aesthetic aspects of collective motion, it has some applied aspects as well: a
better understanding of the swimming patterns of large schools of sh can be useful
in the context of large scale shing strategies. Our interest is also motivated by the
recent developments in areas related to statistical physics. During the last 15 years or
so there has been an increasing interest in the studies of far-from-equilibrium systems
typical in our natural and social environment. Concepts originated from the physics
of phase transitions in equilibrium systems [1–3] such as collective behaviour, scale
invariance and renormalization have been shown to be useful in the understanding of
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various non-equilibrium systems as well. Simple algorithmic models have been helpful
in the extraction of the basic properties of various far-from-equilibrium phenomena,
like di usion limited growth [4,5], self-organized criticality [6] or surface roughening
[7]. Motion and related transport phenomena represent a further characteristic aspect
of non-equilibrium processes [8], including trac models [9,10], thermal ratchets [11]
or driven granular materials [12,13].
Self-propulsion is an essential feature of most living systems. In addition, the motion
of the organisms is usually controlled by interactions with other organisms in their
neighbourhood and randomness plays an important role as well. In Ref. [14] a simple
model of self propelled particles (SPP) was introduced capturing these features with a
view toward modelling the collective motion [15] of large groups of organisms such as
schools of sh, herds of quadrupeds, ocks of birds, or groups of migrating bacteria,
correlated motion of ants [16] or pedestrians [17,18].
It turns out that modelling collective motion leads to interesting speci c results
inscr2 with the relevant dimensions (from 1–3 [19,14,20,21]). Here we discuss a
one-dimesional and a quasi-one-dimensional version of the related models.
2. Ordered motion for nite noise in 1d
Since in 1d the particles cannot get around each other, some of the important features
of the dynamics present in higher dimensions are lost. On the other hand, motion in 1d
implies new interesting aspects (groups of the particles have to be able to change their
direction for the opposite in an organized manner) and the algorithms used for higher
dimensions should be modi ed to take into account the speci c crowding e ects typical
for 1d (the particles can slow down before changing direction and dense regions may
be built up of momentarily oppositely moving particles).
In a way the system we study can be considered as a model of organisms (people,
for example), moving in a narrow channel. Imagine that a re alarm goes on, the
tunnel is dark, smoky, everyone is extremely excited. People are both trying to follow
the others (to escape together) and behave in an erratic manner (due to smoke and
excitement). Will they escape (move in a selected direction in an orderly manner) or
become trapped (keep moving back and forth)? One way to study this and related
applied questions is carrying out simulations.
Thus, we consider N o -lattice particles along a line of length L. The particles are
characterized by their coordinate xi and dimensionless velocity ui updated as
xi (t + t) = xi (t) + v0 ui (t)t ;

(1)

ui (t + t) = G(hu(t)iS(i) ) + i ;

(2)

where i is a random number drawn with a uniform probability from the interval
[ − =2; =2]. The local average velocity huiS(i) for the ith particle is calculated over
the particles located in the interval [xi − ; xi + ], where we x  = 1. The function
G tends to set the velocity in average to a prescribed value v0 : G(u) ¿ u for u ¡ 1
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Fig. 1. The rst 3000 time steps of the 1d SPP model [L = 300, N = 600,  = 2:0 (a) and  = 4:0 (b)]. The
darker grey scale represents higher particle density.

and G(u) ¡ u for u ¿ 1. In the numerical simulations [13] one of the simplest choices
for G was implemented as
(
(u + 1)=2 for u ¿ 0 ;
G(u) =
(3)
(u − 1)=2 for u ¡ 0
and random initial and periodic boundary conditions were applied.
In Fig. 1 we show the time evolution of the model for  = 2:0. In a short time the
system reaches an ordered state, characterized by a spontaneous broken symmetry and
clustering of the particles. In contrast, for  = 4:0 the system remains in a disordered
state. Ordering for nite noise in 1d is a surprising phenomenon and is entirely due to
the speci c non-equilibrium nature of our system.
To understand the phase transitions observed in the various SPP models, e orts has
been made to set up a consistent continuum theory in terms of v and , representing the
coarse-grained velocity and density elds, respectively. The rst approach [22,23] has
been made by Toner and Tu for d ¿ 1 who investigated the following set of equations
@t v + (v∇)v = v − |v|2 v − ∇P + DL ∇(∇v) + D1 ∇2 v + D2 (v∇)2 v + 
@t  + ∇(v) = 0 ;

(4)

where the ; ¿ 0 terms make v have a non-zero magnitude, DL; 1; 2 are di usion
constants and f is an uncorrelated Gaussian random noise. The pressure P depends on
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the local density only, as given by the expansion
X
n ( − 0 )n :
P() =

185

(5)

n

The non-intuitive terms (4th and 6th in the RHS) in Eq. (4) were generated by the
renormalization process.
Tu and Toner were able to treat the problem analytically and show the existence of
an ordered phase in 2D, and also extracted exponents characterizing the density–density
correlation function. They showed that the upper critical dimension for their model is 4
and the theory does not allow an ordered phase in 1d.
However, as we have shown, there exist SPP systems in one dimension which exhibit an ordered phase for low noise level. This nding motivated us to construct an
alternative continuum model for 1d [19].
@t u = f(u) + 2 @2x u +

(@x u)(@x )
+;


@t  = −v0 @x (u) + D@2x  ;

(6)
(7)

where u(x; t) is the coarse-grained dimensionless velocity eld, f(u) is an antisymmetric function with f(u) ¿ 0 for 0 ¡ u ¡ 1 and f(u) ¡ 0 for u ¿ 1,  = 0, and
2 = 2 =2 . These equations are di erent both from the equilibrium eld theories and
from the nonequilibrium system de ned through Eq. (4). The main di erence comes
from the nature of the coupling term (@x u)(@x )=. This term can be derived, but here
we present a plausible interpretation of its origin.
The main point is that one would like to have a term in the equation for the velocity
which would result in the slowing down (and eventually in the “turning back”) of the
particles under the in uence of a larger number of particles moving oppositely. When
two groups of particles move in the opposite direction, the density locally increases and
the velocity decreases at the point they meet. Let us consider a particular case, when
particles move from left to right and the velocity is locally decreasing while the density
is increasing as x increases (particles are moving towards a “wall” formed between two
oppositely moving groups). The term (@x u) is less, the term (@x ) is larger than zero in
this case. Together they have a negative sign resulting in the slowing down of the local
velocity. This is a consequence of the fact that there are more slower particles (in a
given neighbourhood) in the forward direction than faster particles coming from behind,
so the average action (a particle is trying to take the average velocity of its neighbours
and simultaneously move with a preferred velocity) experienced by a particle in the
point x slows it down. Thus, the (@x u)(@x )= term does what we expect from it.
Given the equation, and the picture of domain walls formed between oppositely
moving groups of particles we can use the following simple arguments to interpret
long range ordering.
A small domain of (left moving) particles moving opposite to the surrounding (right
moving) ones is bound to interact with more and more right moving particles and,
as a result, the domain wall assumes a speci c structure which is characterized by a
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buildup of the right moving particles on its left side, while no more than the originally
present left moving particles remain on the right-hand side of the domain wall. This
process “transforms” non-local information (the size of the corresponding domains) into
a local asymmetry of the particle density which, through the instability of the walls
[19], results in a leftward motion of the domain wall, and consequently, eliminates the
smaller domain.
This can be demonstrated schematically as
¿¿¿¿¿¿¿¿¿¿¿¡¡¡¡¡¡¡¡¿¿¿¿¿¿¿¿¿¿¿¿¿
A
B
where by ¿(¡) we denoted the right (left) moving particles. In contrast to the Ising
model the A and B walls are very di erent and have non-equivalent properties. In this
situation the B wall will break into a B1 and B2 , moving in opposite directions, B1
moving to the left and B2 moving to the right, leaving the area B1 − B2 behind, which
is depleted of particles.
¿¿¿¿¿¿¿¿¿¿¿¡¡¡¡¡
A
B1

¿¿¿¿¿¿¿¿¿¿
B2

At the A boundary the two type of particles slow down, while, due to the instability
shown to be present in the system, the wall itself moves in a certain direction, most
probably to the right. Even in the other, extremely rare case (i.e., when the A wall
moves to the left), an elimination of the smaller domain (A − B1 ) takes place since
the velocity of the domain wall A is smaller than the velocity of the particles in the
“bulk” and at B1 where the local average velocity is the same as the preferred velocity
of the particles. Thus, the particles tend to accumulate at the domain wall A, which
again, through local interactions leads to the elimination of the domain A − B1 .
3. Simulations of pedestrians in a corridor
In our studies of collective phenomena in systems of moving organisms we also
considered humans walking in opposite directions along a corridor. Here we assumed
that half of the people tended to go from left to right (and vice versa) with a constant
velocity, unless they encountered another person. The interaction potential had a hard
core (corresponding to the physical size of a pedestrian) and was assumed to decay
as a power law within a cuto radius of about twice of the hard core. All this can be
represented in the form of equations of motion which we solved numerically [24].
In addition to the interest in the properties of systems involving walkers [17], there
are several further motivations to study such a model. A system of light (rising) and
heavy (sinking) particles in a vertical column of uid or a system of oppositely charged
colloidal particles in an electric eld represent potential applications of our model. In
fact, the system we study is a generalization to the continuum case of the two-species
driven lattice gas proposed recently [25], with a number of relevant modi cations arising from the adaptation to the o -lattice case. In a wider context, these models can
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be considered as simpli ed paradigms of systems consisting of entities with opposing
interests (drives). In the present work, we consider the behaviour of a limited number
of particles in a con ned geometry, and our results are primarily valid for this “mesoscopic” situation. In the quickly growing literature on mesoscopic systems there are
many examples of the potential practical relevance of phenomena occurring in various
models for nite sizes [26 –28].
We started our simulations with N (typically between 24 and 72) particles which
were randomly distributed in the corridor without allowing overlaps. For half of the
particles a driving into the (−1; 0) direction, and for the other half a driving into the
(1; 0) direction was assigned. Integrating equation using periodic boundary conditions
produced the following results: For small noise amplitudes  and moderate densities,
our simulations lead to the formation of coherently moving linear structures ( just as
if the particles moved along trac lanes). For relatively large N , jamming occurs,
depending on the respective initial condition. Nevertheless, lane formation, if at all,
happens relatively quickly and is very dominant and robust in our model (in contrast
with simpler lattice gas versions we have tested).
The mechanism of lane formation can be understood as follows: Particles moving
against the stream or in areas of mixed directions of motion will have frequent and
strong interactions. In each interaction, the encountering particles move a little aside in
order to pass each other. This sidewards movement tends to separate oppositely moving
particles. Moreover, once the particles move in uniform lanes, they will have very rare
and weak interactions. Hence, the tendency to break up existing lanes is negligible,
when the uctuations are small. Furthermore, the most stable con guration corresponds
to a state with a minimal interaction rate [29].
Whereas lane formation was also observed in previous studies of related models
with deterministic dynamics only [30], in the present, more realistic model we have
discovered a surprising phenomenon when we increased the noise amplitude. If the
uctuations were large enough, they were able to prevent lane formation or even to
destroy previously existing lanes, eventually causing a mutual blocking of the opposite
directions of motion for given, suciently high densities. In this blocked state, the
particles were arranged in a hexagonal lattice structure, very much like in a crystal. In
particular, there are densities, at which we observe bistability. That is, we nd lanes
at small noise amplitudes, but in a crystallized state, if the noise amplitude is large.
Thus, one can drive the system from a “ uid” state with lanes of uniform directions
of motion to a “frozen” state just by increasing the uctuations. We call this transition
“freezing by heating” [24]. Although this transition exists for the simplest version of the
model, it is more pronounced if the gradients of the repulsive potentials are multiplied
with factors
{ + (1 − )[1 + cos(’i )]=2} ;

(8)

where ’i denotes the angle between the direction of motion ei of particle i and the
direction of the object exerting the repulsive force. The parameter  re ects the relative
in uence of forces “from behind”, in order to mimic that the interactions may depend
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on the (relative) velocities of the particles, a situation quite common in realistic driven
systems.
Why is freezing by heating new? Some glasses may crystallize when slowly heated.
However, this is a well understood phenomenon: the amorphous state is metastable for
those temperatures, and crystallization means an approach to the more stable state with
smaller free energy (smaller internal energy). In our case, crystallization is achieved by
spontaneously driving the system with the help of noise uphill towards higher internal
energy. The system would like to maximize its eciency [29], but instead it ends up
with minimal eciency due to noise-induced crystallization. The role of “temperature”
or noise here is to destroy the energetically more favourable uid state, which inevitably
leads to jamming. Crystallization occurs in this jammed phase, because it yields the
densest packing of particles. The corresponding transition seems to be related to the
o -lattice nature of our model and is di erent from those reported for driven di usive
systems on a lattice. It should be noted that the transition we nd is not sharp, which
is in part a consequence of the mesoscopic nature of the phenomenon.
We would like to point out that “freezing by heating” is likely to be relevant to situations involving pedestrians under extreme conditions (panics). Imagine a very smoky
situation, caused by a re, in which people do not know which is the right way to
escape. When panicking, people will just try to get ahead, with a reduced tendency to
follow a certain direction. Thus, uctuations will be very large, which can lead to fatal
blockings.
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