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We report extensive computer simulations of the Vicsek model [V.M. Vicsek, et al., Phys. Rev. Lett. 75
(1995) 1226], aimed to describe the onset of ordering within the low-velocity regime of the collective
displacement of self-driven agents. The VM assumes that each agent adopts the average direction of
movement of its neighbors, perturbed by an external noise. The existence of a phase transition between
a state of ordered collective displacement (low-noise limit) and a disordered regime (high-noise limit) is
most likely the most distinctive feature of the VM. In this paper, after briefly discussing the critical nature
of the transition we focus our attention on the behavior of the VM in the low-velocity (v0 → 0) regime
for the displacement of the agents. In fact, while the XY model, which could somewhat be considered as
the equilibrium counterpart of the VM, does not exhibit order in d = 2 dimensions, an intriguing feature
of the VM is precisely the onset of order. Since in the XY model the particles remain fixed in the lattice,
we show that the understanding of the v0 → 0 limit is relevant in order to explain the different behavior
of both models.

© 2008 Elsevier B.V. All rights reserved.
1. Introduction

Nowadays, within the physical community, there is great inter-
est in the study and characterization of biologically and ecologi-
cally motivated models, such as prey-predator systems [1,2], forest-
fire models [3,4], simple models for the co-evolution of species
[5,6], models for the collective displacement of self-driven individ-
uals [7–11], etc.

Now, focussing our attention on the description of the collective
motion of agents, the Vicsek model [7] represents an archetypical
case that has extensively been studied [12–17]. The VM consid-
ers N individuals in d = 2 dimensions. Individuals at (off-lattice)
positions −→xi have velocities −→vi and move in the direction θi , here
i = 1,2, . . . , N . In order to account for the self-propelled nature of
the motion, the magnitude of the velocity is fixed at v0 for all
individuals. Individuals interact locally by trying to align their di-
rections of motion with that of their neighbors, in the presence of
some perturbation (noise). This rule is implemented by assuming
that at each time step, a given individual assumes the average di-
rection of motion of the individuals located within its local neigh-
borhood (a circle of radius R0), namely

θi(t + �t) = 〈
θ(t)

〉
R0

+ ξi(t), (1)
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where the noise (ξ ) has been introduced as a random variable with
uniform distribution in the interval [−ηπ,ηπ ], and the local aver-
age direction of motion 〈θ(t)〉0 is defined as the average direction
of the velocities of individuals (including the ith one) within the
radius of interaction R0. Also, the locations of the individuals are
updated in each time step according to

−→xi (t + �t) = −→xi (t) + −→vi(t)�t. (2)

The interest in the VM further increases because, very recently,
Chaté et al. [16] have cast doubt on the critical nature of the tran-
sition that was early reported [7], since they claim that the transi-
tion should actually be of first order. This topic leads to an ongoing
controversy on view of both the results of Aldana et al. [18], and
our recent simulations of the dynamical critical behavior [17] that
also support the occurrence of a second-order transition in the VM
and related models.

The analogy of the VM with simple ferromagnetic models
(Ising, XY, etc.) is a topic that has also originated interesting dis-
cussions. In fact, by considering that the Hamiltonian tending to
align the spins in the same direction is replaced by the tendency
of the individuals to align in the same direction (Eq. (1)), and the
amplitude η of the random perturbation ξ plays the role of the
temperature, one should expect the observation of some qualita-
tively similar features when comparing these systems. For exam-
ple, within the low-velocity regime of the VM (v�t � 1), it has
been shown that individuals tend to move in an ordered fashion
when the noise is decreased below a (particle density (ρ)) critical
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value (ηc(ρ)). In contrast, for η > ηc(ρ) one observes a regime of
disordered motion without net mass transport. Therefore, even in
d = 2 dimensions, the VM exhibits an order–disorder phase transi-
tion [7]. However, it is worth mentioning that the VM is a far-from
equilibrium system that obeys a quite different dynamics from that
of standard ferromagnetic models [19,20].

Nevertheless, the major difference between the VM and a typi-
cal magnetic model, e.g., the XY model, is that the former involves
the displacement of the particles, while in the latter the spins are
placed at fixed positions in a lattice. Under these circumstances it
would be very useful to understand the dependence of the onset
of ordering in the VM upon changing the velocity of the particles.
In fact, one would expect that somewhat in the limit v0 → 0 the
ordered phase of the VM would vanish.

Within this context, the goal of this paper is twofold. First, we
will briefly discuss our evidence on the critical nature of the order–
disorder transition of the VM. Subsequently, extensive simulations
aimed to clarify the behavior of the VM in the low-velocity limit
will be presented and discussed. This latter topic is a subject of
current interest because particle motion seems to be the most rel-
evant and distinctive feature capable of inducing ordering in the
VM, as compared with the XY model that does not exhibit an or-
dered phase in d = 2 dimensions.

The manuscript is organized as follows: in Section 2 we provide
a brief description of technical details of the simulation method
and define some relevant observables. The obtained results are
presented and discussed in Section 3. Finally, we state our con-
clusions in Section 4.

2. Description of the simulation method and definition of
relevant observables

The numerical simulations of the VM are performed in d = 2
dimensions by using samples of side L and assuming periodic
boundary conditions. As mentioned in the Introduction, off-lattice
displacement of the individuals is considered. Also, in order to
avoid artifacts arising from rather large jumps of the particles,
we restrict ourselves to studying the low-velocity regime by tak-
ing v0 � 0.1, or in other words, our simulations are performed for
v0�t � R0 (see Eq. (1)). It should also be mentioned that test runs
performed by taking v0 � 0.5 already produce undesired artifacts.

In order to speed out the simulations, we implemented an al-
gorithm already used for the simulation of fluids [21], which is
based on the partition of the two-dimensional sample in a regu-
lar network of M cells, each of them of side l = L/M1/2. In our
simulations, the number of cells is defined by the interaction dis-
tance among particles, so that one has l = R0. Since the algorithm
keeps track of the location of the particles inside the cells, in order
to evaluate the interactions of a selected particle with its neigh-
bors, one only needs to evaluate the neighboring cells. In fact,
particles placed in the remaining cells are, of course, out of the
interaction range. By using this algorithm, the evaluation of the in-
teraction of a single particle requires us to perform the order of
about 4.5N2/M1/2 operations, as compared to N(N − 1)/2 that are
necessary in a straightforward calculation.

Simulations are performed for three different densities of indi-
viduals (ρ = 1/8, 1/4, and 3/4), and by using samples of different
size (52.26 � L � 565.69), which involves (2048 � N � 40 000) in-
dividuals. During a Monte Carlo time step (mcs) all individuals
are updated once, on average. Measurements within the station-
ary regime and for v0 = 0.1 are often performed after disregarding
5 × 105 mcs in order to avoid memory effects of the initial, ran-
domly generated configurations. For v0 < 0.1 we used N = 4096
individuals with L = 128, which corresponds to ρ = 1/4. Since
the thermalization time required by the system in order to reach
stationary conditions depends on v0, we actually recorded time se-
ries of the relevant observables, so that along each simulation we
can control the achievement of both the true asymptotic regime
and the proper statistic, before interrupting the computer job.
Then measurements are often performed after disregarding up to
107 mcs for the lowest velocities used.

The natural order parameter suitable to describe the collective
behavior of the individuals is the normalized average velocity [7],
given by

ϕ ≡ 1

N v0

∣∣∣∑−→vi

∣∣∣. (3)

In fact, for individuals moving almost randomly one has ϕ ∼ 0,
whereas, when all individuals tend to move in the same direction,
one has ϕ → 1.

As anticipated in the Introduction, the VM exhibits order–
disorder transitions, and at criticality, the order parameter is ex-
pected to behave, as in the case of standard second-order transi-
tions, according to

ϕ ∼ [
ηc(ρ) − η

]β
, (4)

where β is the order parameter critical exponent, and ηc(ρ) is the
(particle density (ρ) and velocity dependent) critical noise.

In addition, another useful observable in the study of equi-
librium critical behavior is the susceptibility that, according to
fluctuation–dissipation, can be obtained by measuring the variance
of the order parameter [22]. Of course, the VM model describes
a far-from-equilibrium system that no longer obeys fluctuation–
dissipation. However, the fluctuations of the order parameter given
by

χ = Var(ϕ)L2, (5)

with

Var(ϕ) ≡ 〈
ϕ2〉 − 〈ϕ〉2, (6)

where Var(ϕ) is the order parameter variance and 〈〉 denotes aver-
ages over configurations, still is a useful quantity for the descrip-
tion of non-equilibrium systems [23–25].

3. Results and discussion

Early numerical measurements and theoretical arguments stron-
gly suggest that the dependence of the critical noise corresponding
to different densities of particles can be scaled after proper renor-
malization according to [12,13]

η∗ = η
√

ρ. (7)

Now, we can go one step further by showing that actually the
probability distribution of the order parameter (pdf) can be col-
lapsed in a single curve (see Fig. 1). Consequently, all physically
meaningful moments of the order parameter, including of course
the susceptibility and Binder’s cumulants, exhibit universal fea-
tures within the low-density regime, allowing us to focus the nu-
merical effort on the behavior of a single density, without losing
generality. Also, the pdf of the order parameter shown in Fig. 1
exhibits a single peak that becomes broader when increasing the
scaled noise, as expected for the behavior of an order parameter
describing a critical transition.

Fig. 2(a) shows plots of the dependence of ϕ on η, as obtained
for three different densities and a wide range of the number of in-
dividuals. Here, we observed the rounding and shifting of the order
parameter, as typically expected for systems exhibiting second-
order transitions. The critical nature of the transition is further
supported by the observed (not shown here for the sake of space)
divergence of χ with the system size [17].
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Fig. 1. (Color online) Plot of the probability distribution of the order parameter (pdf)
versus both ϕ and the scaled noise amplitude (η∗ , given by Eq. (7)). Results ob-
tained within the stationary regime for samples with three different densities of
individuals, (+) ρ = 0.125, (x) ρ = 0.333 and (∗) ρ = 0.500, which for N = 8192
individuals correspond to lattices of size L = 256, L = 156.8 and L = 128, respec-
tively. More details in the text.

It is well known that in numerical simulations performed by
using finite samples of linear size L, second-order phase transi-
tions exhibit rounding and shifting effects. This shortcoming can
be overcome by performing a finite-size scaling analysis. In fact,
the scaling theory [26–28] established that the scaling Ansatz for
the order parameter can be written as

ϕ(η, L) = L−β/νϕ̃
(
(η − ηc)L1/ν

)
, (8)

where ν is the correlation length critical exponent and ϕ̃ is a suit-
able scaling function.

Fig. 2(b) shows the best collapse of the data corresponding
to the dependence of the order parameter on the noise, as plot-
ted in Fig. 2(a), which is obtained by taking β/ν = 0.275(5), and
ν = 1.63(3) [17]. It is worth mentioning that, based on the re-
sults shown in Fig. 1, we obtained the nice collapse shown in
Fig. 2(b) just by rescaling the noise according to Eq. (7). From
the relationship β/ν = 0.275(5) and the obtained value of ν , one
gets β = 0.45(3). This figure is in agreement with previous sim-
ulation results that are consistent with β-values smaller than the
mean-field value given by β = 1/2, namely β = 0.45±0.07 [7] and
β = 0.42 ± 0.03 [12]. Furthermore, by means of a combined study
involving both stationary and dynamic measurements, we have re-
cently determined the complete set of exponents of the VM, e.g.,
obtaining γ = 2.3(4) [17] for the susceptibility exponent such that
χ ∝ (η−ηc)

−γ . All these exponents are consistent with the hyper-
scaling relationship dν+2β = γ , which not only is well established
in the field of equilibrium critical phenomena but also holds for
the VM under far-from equilibrium conditions. It is worth men-
tioning that recently, the critical nature of the transition of the VM
has been challenged by Chaté and Grégoire [16], who claim that
the transition should actually be of first order. Subsequently, Vic-
sek et al. [14] have preliminary clarified the issue by demonstrating
that the presence of an inherent numerical artifact strongly in-
fluences the results of Chaté et al. [16], preventing a meaningful
physical interpretation of the results.

Now, after establishing the critical nature of the order–disorder
transition of the VM, we focus our attention on its dependence
on the velocity of the agents. Fig. 3(a) shows plots of the order
parameter as a function of the noise as obtained for different ve-
locities (0.005 � v0 � 0.1). Here one observes that for both low
(η � 0.10) and high noises (η � 0.3) the order parameter is rather
independent of v0. However, for an intermediate regime, i.e., close
to η � 0.2, it is possible to observe a subtle systematic deviation
of the points, such that ϕ tends to increase when v0 is decreased.
This subtle behavior of the order parameter becomes more evident
(a)

(b)

Fig. 2. (Color online) (a) Plot of the order parameter (ϕ) versus the noise amplitude
(η). Results obtained within the stationary regime for samples of different size and
by varying the number of individuals, as listed in the figure. (b) Finite-size scaling
analysis of data shown in (a), performed according to Eq. (8), showing log–log plots
of the rescaled order parameter ϕ∗ = ϕ(L)Lβ/ν versus the density-rescaled noise
η∗ = |η(ρ)−ηc (ρ)|√

ρ
L1/ν . More details in the text.

upon measuring its fluctuations (see Eq. (5)), as shown in Fig. 3(b).
In fact, while for η � 0.3 the behavior of χ is almost independent
of v0, for η < 0.25 one observes a systematic shift of the peaks
towards smaller noises when the velocity is decreased.

Now, let us recall that one often identifies the location of the
maximum of the fluctuations of the order parameter with size-
dependent (pseudo) critical points (ηc(L)), which are subsequently
used to extrapolate the data to the thermodynamic limit [17]. By
using this procedure with the results shown in Fig. 3(b) we ob-
tained the dependence of ηc(L) on v0, as shown in Fig. 3(c). It
is worth mentioning that, since within the low-density and low-
velocity regime, the universality class of the VM is unique [17], the
determination of ηc(L) for a single sample size suffices for our pur-
poses, so that one does not need to perform extrapolations to the
thermodynamic limit in order to determine the dependence of the
critical noise on the velocity, as shown in Fig. 3(c).

In Fig. 3(a) we have also included data corresponding to v0 = 0,
which is averaged over different initial configurations, in order to
show the absence of ordering in the two-dimensional VM. Further-
more, in Fig. 3(c) we observe that the extrapolation to the v0 → 0
limit gives η∗

c � 0.137(5). So, according to this extrapolation pro-
cedure one might expect the onset of ordering in the v0 → 0 limit,
however Fig. 3(a) conclusively shows that this is not the case for
v0 = 0.
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(a)

(b)

(c)

Fig. 3. (a) and (b) show plots of the order parameter (ϕ) and the susceptibility (χ )
versus the noise amplitude (η), respectively. Results obtained, within the station-
ary regime, by varying the velocity of the individuals, as listed in the figures. Data
corresponding to samples of side L = 128 (N = 4096). (c) Plot of the noise at the
location of the peak of χ , taken from (b), versus the velocity of the individuals. The
arrow shows the v → 0 limit, which differs from the data point corresponding to
v = 0. More details in the text.

4. Conclusions

We performed extensive Monte Carlo simulations of the VM for
the collective displacement of self-propelled individuals, aimed to
contribute to the understanding of the role of the velocity of the
agents in the onset of order.

First, we established that our results are fully consistent with
the critical nature of the transition, in agreement with other nu-
merical results [7,14,17], but in contrast to the claims of Grégoire
and Chaté [16] on the first-order behavior of the transition. Also,
by showing the collapse of the probability distribution of the or-
der parameter (Fig. 1) by properly rescaling the noise according
to Eq. (7), we conclude that the critical behavior is the same for
all densities, of course, within the low-density and low-velocity
regime, a fact that allow us to focus our numerical effort on the
study of the behavior of the system for a single value of the den-
sity, without losing generality.

It has been argued that the VM can be somewhat considered
a non-Hamiltonian version of the well-known XY model [7], since
the VM presents almost the same symmetry properties as the XY
model. Of course, a major difference is that the VM involves the
off-lattice displacement of the particles, while in the XY model the
spins remain at fixed positions in a lattice. Also, in contrast to the
XY model, the VM exhibits order in d = 2 dimensions.

On the other hand, it is also useful to compare our results on
the VM with other out-of-equilibrium systems. For example, very
recently, Wood et al. [29] have reported that a non-equilibrium
(on-lattice) model for stochastic coupled oscillators, which for-
mally can be described with the same order parameter as the
VM, exhibits dimensionality dependent phase transitions. In fact,
d = 2 is the lowest critical dimension for the observation of long-
range order, and in d = 3 the model undergoes a continuous phase
transition displaying signatures of the XY equilibrium universality
class [29]. Again, a remarkable difference is that, in contrast to the
VM, oscillators are placed at fixed positions.

Our results show that the behavior of the VM in the v0 → 0
limit is compatible with the onset of ordering (Fig. 3(c)), which is
no longer observed exactly at v0 = 0 (Fig. 3(a)). Due to this ev-
idence, we conclude that the coupling between orientation and
displacement of particles capable of changing their orientation due
to interaction with other particles is an essential ingredient for the
onset of ordering in the VM. Furthermore, based on preliminary re-
sults we expect that the off-lattice nature of the VM may not be a
key feature responsible for the occurrence of an ordered phase. Fi-
nally, it is worth mentioning that other cellular automata statistical
systems based on biological motivations, e.g., forest-fire models [3],
prey-predators systems [2], the stochastic Game of Life [30], etc.,
exhibit analogous behavior, namely the system in the limit of a
parameter going to 0 is different from the system where this pa-
rameter is exactly 0.
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